
[Proof] Weighted Jacobi

問題

Au = f
Jacobi更新式

vk+1 = RJvk + D−1 f

(D − B)u = f , (A = D − B)

Du − Bu = f

Du = Bu + f

u = D−1Bu + D−1 f

u = RJ u + D−1 f

重みωを導入

ω ∈ [0, 1]
Weighted Jacobi更新式

vk+1 = RJvk + ωD−1 f

u = (1 − ω)u + ωu

= (1 − ω)u + ω
(
RJu + D−1 f

)
= ((1 − ω)I + ωRJ) u + ωD−1 f

= Rω u + ωD−1 f
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[Proof] Weighted Jacobi

残差

r = f − Au
残差を使って表現

vk+1 = vk + ωD−1rk

RJ = D−1B

Rω = (1 − ω)I + ωRJ

vk+1 = Rωvk + ωD−1 f

= Rωvk + ωD−1
(
rk + Avk

)
= Rωvk + ωD−1

(
rk + (D − B)vk

)
= Rω vk + ωD−1rk + ωvk − ωD−1B vk

= ((1 − ω)I + ωRJ) vk

+ωD−1rk + ωvk − ωRJ vk

= vk
���−ωvk +����

ωRJvk

+ωD−1rk +��ωvk +���RJvk

= vk + ωD−1rk
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[Proof] Weighted Jacobi
e = u − vk

rk = f − Avk， Avk = f − rk

r − rk = −Aek

r − rk = ��f − Au −
(
��f − Avk

)
= −A( u − vk )

= −A( e )

u = u + ωD−1r (1)

vk+1 = vk + ωD−1rk (2)

(1) − (2) u − vk+1 = u + ωD−1r − vk − ωD−1rk

u − vk+1 = u − vk + ωD−1
(

r − rk
)

ek+1 = ek + ωD−1 ∗ −Aek

ek+1 =
(
I − ωD−1A

)
ek (3)
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[Proof] Weighted Jacobi
e = u − vk

rk = f − Avk， Avk = f − rk

r − rk = −Aek

ek+1 ≈ ek

緩和をしても誤差が減らない

ek+1 =
(
I − ωD−1A

)
ek

ek+1 = ek − ωD−1Aek

ek+1 − ek = −ωD−1Aek

0 ≈ −ωD−1Aek

Ae ≈ 0

Aek = A(u − vk) ≈ 0

= Au − Avk ≈ 0

= Au − ( f − rk ) ≈ 0

= ����Au − f + rk ≈ 0

rk ≈ 0
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